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» Region for tiling

Figure: M;=Finite region
Figure: M> = Plane

Figure: M5 = Surface
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» A finite set X of tiles
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» |s there a tiling? How many different tilings are there?
» s atiling easy to find? Is it easy to prove a tiling doesn’t exist?
» |s it easy to convince someone that a tiling doesn’t exist?
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Figure: Some possible answers for given problems

» Tiling problem

» Aregion M and finite set ¥ of tile
» Does % tile the M?
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» Polyomino

el

Figure: Polyomino

=

Figure: Not a polyomino

» Solomon W. Golomb (1965.)
» Martin Gardner Scientific American, "Mathematical Games"
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» Conway and Lagarias, Tiling with Polyominoes and
Combinatorial group theory (1990)

» Michael Reid, Tile homotopy group (2003)
» Homology group

Definition (Homology group)

The tile homology group of X is the quotient H(X) = A/B(X)

B where B(X) is the subgroup generated by all elements
corresponding to possible placements of tiles in ©

B Ais the free abelian group (on all the cells of the square lattice).
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Homology groups of tilings

» We consider whether exists a proper tiling of given region M
(surface, surface with the boundary, etc. ) subdivided into "cells"
like grid with a tiles from a given set ¥.

Definition (Homology group of tilings)
The tile homology group of X is the quotient H(X) = A/B(X)

B where B(X) is the subgroup generated by all elements
corresponding to possible placements of tiles in

B A s free Abelian group on all the cells of given region M.

» A necessary condition for existence of a proper tiling is that the
element corresponding to the sum of all cells of M is trivial in the
homology group of tilings .
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type tillings

Example
Is it possible to tile torus chessboard 6 x 6 with tiles 1 x 4 (all
orientation are allowed)?

Figure: Torus Chessboard

Figure: In torus plane model
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Theorem
The torus chessboard of dimension (4k + 2) x (4k + 2) can be not
tiling with the tile 1 x 4.
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Example

Is it possible to tile torus chessboard 10 x 10 with T — tetrominoes?
(all orientation are allowed)

Figure: T — tetramino
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A5y | Usy | G5y | G5y | Uss | s | Os7 | Osg | Osg | Do
e 1
Ay | gy | Gaz |Gy | Gus | Qus | Gar | Gag | Gao | Gso
gy | Gyy | Gyy |y | Chs | Chg | Gag | Ghg | Gy | Gy
Gyy |y |Gz | Goy | Chs | Gog | Gy | Chg | Gy | g
a i3 |y | Gis | Ghg | iy | s | Gig | G
Ay | G5 | Gs |G | G | Gy | iy

e

ait+ta+tagt+an=0
a+as+as+az=0
as+as+as+ a4 =0
&a+a+a+as=0
as+as+ar+ag=0
ag+ar+ag+a7=0
ay+ag+a +ag=0
ag+a+ ajp+ajg =0
g+ ajpg+a+ag=0
aot+a +a+a1=0






L}

Qg | oy | Goz | Gog | os | og | o7 | Uog | Loy | Do)
Gy |Gy |Gy | Ogg | Ogs | Oyo | Gy | Gy | Gyo | Goo
Qg | Ggy | Grz |Gy | s |G | Gg7 | Ggg | Gyo | Gy
Qs | x| o3 | Goa | Gos | Do | Do7 | Gos | Doo | Gro
Qs) | U5y | U5y | G5y | Uss | s | Os7 | Osg | Osg | Do
4 gt
Gyy |Qyy | Qaz | Gy | Cus | Qug | Gag | Cas | Gug | 5o
G5y |Gy |Gy |y | Gys | Gag | Gag | Chg | Gag | Gy
g | thy | hg | Gy | Gao

Gy | Gy | Ghg | Ghg | Chy

s | Gh | G | Gy | Gy




N
=

Qg | oy | Goz | Gog | os | og | o7 | Uog | Loy | Do)
Gy |Gy |Gy | Ogg | Ogs | Oyo | Gy | Gy | Gyo | Goo
Qg | Ggy | Grz |Gy | s |G | Gg7 | Ggg | Gyo | Gy
Qs | x| o3 | Goa | Gos | Do | Do7 | Gos | Doo | Gro
Qs) | U5y | U5y | G5y | Uss | s | Os7 | Osg | Osg | Do
4 gt
Gyy |Qyy | Qaz | Gy | Cus | Qug | Gag | Cas | Gug | 5o
G5y |Gy |Gy |y | Gys | Gag | Gag | Chg | Gag | Gy
&

y

20

an+azt+ast+a=0
Ao+ apiz+as+a3=0
azt+autasta=0
a4+ ais+ajet+a =0
ais+aig+ a7z +a =0
e+ a7+ ag+a =0
a7 +aig+apg+ag =0
aig+ajg+ap+a =0
aig +ax + ai +app =0
ax+ant+at+a =0



Gys

L}

Cog Aoy

A09)

aSS aXQ

as

os | Ghy

Qgs

Ass | Ao

da.

59

Qys

s

an+azt+ast+a=0
Ao+ apiz+as+a3=0
azt+autasta=0
a4+ ais+ajet+a =0
ais+aig+ a7z +a =0
e+ a7+ ag+a =0
ai7+aigtaig+ag=0
aig+ajg+ayg+a =0
a9+ ao+an+aop=0
Ao+ ay+aps+a =0

antaptasta = 0



L}

Qg | oy | Goz | Cog | Cos | Gog | Doy | Gog | Aoy | Do) a1 +ap+azt+a=0
Gy |G |G | Gy | Gos | e | G | G | o | g app+aiz+amu+a=0
Gy |Gy | Gg3 | Gry | Gys | G | Gg7 | Gag | G | Gro aizt+astastas=0
gy | gy | A3 | Gy | Gis | A6 | a6 | s | o | o ais + a5+ aig +as =0
{raﬂ as, |as, | as, | ass | ase | as; | asg | ase awi} a5+ ajg+ a7 +a =0
Ay | Ay | Qs | Qg | s | s | G | Qus | Qo | 5o aie + a17 + a1g + a = 0
@y |Gy |Gy | Gy | Gas | Gy | Gy | Gy | Gy | iy ai7 +aig+apg+ag=0
%o aig+a9+ap+a=0
o aig +ay +am +ap=0
o ao+a1+az+a =0
a1 +apt+ast+a = 0

a1 +ap+apzt+ar = 0



L}

Qg | oy | Goz | Cog | Cos | Gog | Doy | Gog | Aoy | Do) a1 +ap+azt+a=0
Gy |G |G | Gy | Gos | e | G | G | o | g app+aiz+amu+a=0
Gy |Gy | Gg3 | Gry | Gys | G | Gg7 | Gag | G | Gro aizt+astastas=0
oy | Gy | O3 | Gs | Qs | s | A7 | s | o | o aia + ais + aig + as = 0
{raﬁ s, | sy | a5y | s | asq | G5y | asg | 5o awi} a5+ ajg+ a7 +a =0
Ay | Ay | Qs | Qg | s | s | G | Qus | Qo | 5o aie + a17 + a1g + a = 0
@y |Gy |Gy | Gy | Gas | Gy | Gy | Gy | Gy | iy ai7 +aig+apg+ag=0
%o aig+a9+ap+a=0
o aig +ay +am +ap=0
o ao+a1+az+a =0

a1 +apt+ast+a = 0

antaptastax = 0

ap = app






a1 =4z =4ds = ar = g = ai2 = ad14 = 816 = a1 = a0
=38 =3dg = ajp = ay = a3 = a5 = ai7 = ag



a1 =4z =4ds = ar = g = ai2 = ad14 = 816 = a1 = a0
=38 =3dg = ajp = ay = a3 = a5 = ai7 = ag

Analogue

81 = 83 = A5 = 27 = 29 = A3z = 834 = d3e = d3g = 440
Aa = 43 = g5 = A47 = 49 = A42 = 844 = A4 = 848 = Ap0
dp1 = 83 = dps5 = g7 = de9 — 2 — dpa — dps = dpg — g0
dg1 = dg3 = dgs — dg7 — dgg — dg2 = dg4a = dge = dgg = 4A100
oo = 8p4 = g = dpg = Q30 = d31 = d33 = d3s = dg7 = dag
42 = 844 = dae = A48 = ds0 = 851 = dAs3 = ds5 = As7 = dsg
8p2 = 8p4 = s — dpg = A70 = Q71 = Arz = ars = dar7 = arg
dgo = dg4 = Age — dgg = Agp — dg1 = dg3 = dgs = dg7 = dgg



N
.

LG |a | |4 |a & |a |d|q
a (& | g |a |G |G |G |4 |G |d
GG |G| |a | a |G |G |a |4
a (& | a (a4 |G |G |G |G |G |
GG |G| |6 | a |0 |G |a|q
4¥
G |G |G |G |G |G |G |G 4 |4
GG |G |a |G |a | 6| ag|dg|q
G |G |G |G |G |G |G |GG |G
LG |G |a |G |a|a|a|d|q
G 1% | || A D] a4 % | d|%h
o

Figure: Equivalent cells
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LG |a | |4 |a & |a |d|q
a (& | g |a |G |G |G |4 |G |d
GG |G| |a | a |G |G |a |4
a (& | a (a4 |G |G |G |G |G |
GG |G| |6 | a |0 |G |a|q
4¥
G |G |G |G |G |G |G |G 4 |4
GG |G |a |G |a | 6| ag|dg|q
G |G |G |G |G |G |G |GG |G
LG |G |a |G |a|a|a|d|q
G 1% | || A D] a4 % | d|%h
o

Figure: Equivalent cells

3a; + a»

0



N
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LG |a | |4 |a & |a |d|q
a (& | g |a |G |G |G |4 |G |d
GG |G| |a | a |G |G |a |4
a (& | a (a4 |G |G |G |G |G |
GG |G| |6 | a |0 |G |a|q
4¥
G |G |G |G |G |G |G |G 4 |4
GG |G |a |G |a | 6| ag|dg|q
G |G |G |G |G |G |G |GG |G
LG |G |a |G |a|a|a|d|q
G 1% | || A D] a4 % | d|%h
o

Figure: Equivalent cells

3a; + a»
3as + ay



L

LG |a | |4 |a & |a |d|q
a (& | g |a |G |G |G |4 |G |d
GG |G| |a | a |G |G |a |4
a (& | a (a4 |G |G |G |G |G |
GG |G| |6 | a |0 |G |a|q
4¥
G |G |G |G |G |G |G |G 4 |4
GG |G |a |G |a | 6| ag|dg|q
G |G |G |G |G |G |G |GG |G
LG |G |a |G |a|a|a|d|q
G 1% | || A D] a4 % | d|%h
o

Figure: Equivalent cells

3ai;+a = 0
3a+a = 0

> < a1, 3|33, +a.3m+a >=< @1lga,—0 >= Zg



N
.

LG |a | |4 |a & |a |d|q
a (& | g |a |G |G |G |4 |G |d
GG |G| |a | a |G |G |a |4
a (& | a (a4 |G |G |G |G |G |
GG |G| |6 | a |0 |G |a|q
4¥
G |G |G |G |G |G |G |G 4 |4
GG |G |a |G |a | 6| ag|dg|q
G |G |G |G |G |G |G |GG |G
LG |G |a |G |a|a|a|d|q
G 1% | || A D] a4 % | d|%h

L)

Figure: Equivalent cells

3ai;+a = 0
3a+a = 0

> < a1, 3|33, +a.3m+a >=< @1lga,—0 >= Zg

50a; + 50a, = —100a; = 444



Figure: Coloring the Chessboard
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Figure: Coloring the Chessboard
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Figure: Coloring the Chessboard



» 50 red cells
» 50 yellow cells

» every T —tetramino
cover
» 3redand 1 yellow
» 3 yellow and 1 red

Figure: Coloring the Chessboard



50 red cells
50 yellow cells

every T —tetramino
cover
» 3redand 1 yellow
» 3 yellow and 1 red

tiling is not possible

v

v

v

Figure: Coloring the Chessboard
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Example

Is it possible to tile torus chessboard 9 x 5 with one removed cell in
the middle to tile with square shapes 2 x 2 and cross shape (all
orientation are allowed)?
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Example

T

Is it possible to tile torus chessboard 9 x 5 with one removed cell in
the middle to tile with square shapes 2 x 2 and cross shape (all

orientation are allowed)?

Y]

g | ag | yy | Gy | Qa3

Ay,

a}() a’%] 032 a33 a}4

s

ira,

e

Gy

Gy | A3 | Gy | Gis | Gi6

a7

a|a | a|a|a

Figure: In torus plane model

L)

Figure: Naming cell






.

Chy | Gag | Chg | Qug | Qyy | Ay | Gus | Qyy | Gas
g | Gy Ay | Gy | By | Oss | Gs
Ty | AR
Qo | Gy | A | D3 | Ay | Gis | Gie | D7 | Gis
aq |4 | & | a, Qs | Gh | Gg | Gy




.

Chy | Gag | Chg | Qug | Qyy | Ay | Gus | Qyy | Gas
g | Gy Ay | Gy | By | Oss | Gs
Ty | AR
Qo | Gy | A | D3 | Ay | Gis | Gie | D7 | Gis
aq |4 | & | a, Qs | Gh | Gg | Gy

a| + a» + ajo + a1




-~
Chy | Gag | Chg | Qug | Qyy | Ay | Gus | Qyy | Gas
g | Gy Ay | Gy | By | Oss | Gs

Ta, | ay AR
Qo | Gy | A | D3 | Ay | Gis | Gie | D7 | Gis
G |G| %9 |G| G| D | D

D
ai+a+ajpg+a1=0

a1 + aso + a2 + asq




iy | ag | Gag | Qao | Gy | Qyy | Gu3 | Qyy | Gas
Gog | thy Uy | a3 | Gy | s | Chg
Ta | K D | Gs| s | B
Qo [ Gy | G | Gis | Gy | Qis | Gy | Gy7 | i
a | &4 | 4| aq, C!é s | A7 | Gg | Gy
D
ar+a+app+an=0
a1 +as +ax+azy =0

~
D
A7 [ Gag | Gro | Quo | Gy | Ayy | Gaz | Quy | Gas
g | thy sy | hy | Gag | s | s
Ao Ay | s | Gy | A
Az | iy | Gis | Gig | A7 | Gig
(2] a4 | a, f_’,g s | &7 | O3 | Gy
5




A7 [ Gag | Gro | Quo | Gy | Ayy | Gaz | Quy | Gas

iy | ag | Gag | Qao | Gy | Qyy | Gu3 | Qyy | Gas
Gog | thy Uy | a3 | Gy | s | Chg
Ta | K D | Gs| s | B
Qo [ Gy | G | Gis | Gy | Qis | Gy | Gy7 | i
a | &4 | 4| aq, C!é s | A7 | Gg | Gy
D
ar+a+app+an=0
a1 +as +ax+azy =0

asy+apptaytapt+a =0






&

g7 | Ghg | Gao | Cag | Ayy | Ays | Gas | Ay | Gas
g | ay sy | s | Gy | Gss | Oss
T | Gos| Gog | DY
G | Gz | Gy | Gis | Gy | Gi7 | Gig
a (a4 | & | a, | ds | ds|dy | dg | Gy

O




g7 | Ghg | Gao | Cag | Ayy | Ays | Gas | Ay | Gas
g | ay sy | s | Gy | Gss | Oss
T | Gos| Gog | DY
G | Gz | Gy | Gis | Gy | Gi7 | Gig
aq | & | 4| q ?R s | a7 | Gg | o
o

a2 + aop + @1 + oo + a3z =0



&

g7 | Ghg | Gao | Cag | Ayy | Ays | Gas | Ay | Gas
g | ay sy | s | Gy | Gss | Oss
b Q| s | g | AT
G | Gz | Gy | Gis | Gy | Gi7 | Gig
aq | & | 4| q ?R s | a7 | Gg | o
o
Ao+ asg+ a +am+az=0
&
yy | Oyg | Gao | Ao | Qyy | Ay | Quz | Ayy | Aas
oy | oy sy | Gas | Gy | Gss | Oy
G Ay | s | g | auitF
Az | iy | Gis | G | Gi7 | Gis
a9 a4 | a EIR s | Q7 | Gy | Gy
o



&

g7 | Ghg | Gao | Cag | Ayy | Ays | Gas | Ay | Gas
g | ay sy | s | Gy | Gss | Oss
b Q| s | g | AT
G | Gz | Gy | Gis | Gy | Gi7 | Gig
aq | & | 4| q ?R s | a7 | Gg | o
o
Ao+ asg+ a +am+az=0
&
yy | Oyg | Gao | Ao | Qyy | Ay | Quz | Ayy | Aas
oy | oy sy | Gas | Gy | Gss | Oy
G Ay | s | g | auitF
Az | iy | Gis | G | Gi7 | Gis
a9 a4 | a EIR s | Q7 | Gy | Gy
o

a = asy



g7 | Ghg | Gao | Cag | Ayy | Ays | Gas | Ay | Gas
g | ay sy | s | Gy | Gss | Oss
b Q| s | g | AT
G | Gz | Gy | Gis | Gy | Gi7 | Gig
aq | & | 4| q ?R s | a7 | Gg | o
o
Ao+ asg+ a +am+az=0
&
yy | Oyg | Gao | Ao | Qyy | Ay | Quz | Ayy | Aas
oy | oy sy | Gas | Gy | Gss | Oy
G Ay | s | g | auitF
Az | iy | Gis | G | Gi7 | Gis
a9 a4 | a EIR s | Q7 | Gy | Gy
o

a = asy

Analogue

a3y = a1 = 837 = a2

a1 = 834 = ayp = as0 = dos
az7 = a3 = azg

apg = 84 = a19 = au3

g = ay






A | g | Gao | Oy | gy | Gyy | Oy | Gy | Gys
q Gy | G a 3y | Gs3 G s | Uy
T | Gy |Gy | D | X |Gy | D | Gy | Bt
a|la|a|alalalalala
D

Figure: Cells generated with ay



L)
A | g | Gao | Oy | gy | Gyy | Oy | Gy | Gys
G thy | g 3y | Gs3 G s | Uy

1rq, Uy |Gy | G| X |Gy | | ay a,Ar
a] a]l al’ al a14 a15 al a]7 a18
a4 | @ | & | | a|d|a | d|d

L

Figure: Cells generated with ay

Analogue

8o = 834 = 85,834 — 11 = d41 = dop

a11 = 844, 8pp = 8s,dp9 = A14 = a34

dag = dpg, d3g = 17 = dz2, d17 = a9



2
A | g | Gao | Oy | gy | Gyy | Oy | Gy | Gys
q Gy | G a 3y | Gs3 G s | Uy
A | oy | D X |Gy | D | G| Bt
a|la|a|alalalalala
D

Figure: Cells generated with ay

Analogue

8o = 834 = 85,834 — 11 = d41 = dop
a11 = 844, 8pp = 8s,dp9 = A14 = a34
ag = dog, A3g = a7 = dz2, d17 = a9

A
o
a | G |G| G |Gy | G | G | G | Gys
Q| D | Gy| D |G| D |G |G| a
Tyl a, |Gy | G X | a | D a |t
G |Gy |G | G| Ay |G |G | G |Gy
G

aZ a3 a] ?é aZ al aZ a9

L)

Figure: Cells generated with a»



L)
A | g | Gao | Oy | gy | Gyy | Oy | Gy | Gys
G thy | g 3y | Gs3 G s | Uy

1rq, Uy |Gy | G| X |Gy | | ay a,Ar
a] a]l al’ al a14 a15 al a]7 a18
a4 | @ | & | | a|d|a | d|d

L

Figure: Cells generated with ay

Analogue

8o = 834 = 85,834 — 11 = d41 = dop

a11 = 844, 8pp = 8s,dp9 = A14 = a34

dag = dpg, d3g = 17 = dz2, d17 = a9

al aZ a3 a] ?ﬁg aZ al aZ a9
4

Figure: Cells generated with a»
Analogue
dz = azg = @ = doy

a3g = a1g = a2 = do7, 812 = ass
a3z = dg, A21, do4 = 89, d3p = Aa15






~

o
G (G|lag|a|a|G|q a4
Q|G| a| G |&G|a|q|a| aq

T la, |G| A X |a || a | BT
a g |G| a|ag|a|a|a| %

G |G | G| G| &Gl |aq|a|%h

L)

Figure: Cells generated with as



o
G (G|lag|a|a|G|q a4
Q|G| a| G |&G|a|q|a| aq

T la, |G| G| X |a |4 |a | KT
a g |G| a|ag|a|a|a| %
G |G | G| G| &Gl |aq|a|%h

~

L)

Figure: Cells generated with as

2a; +2a> =0
2a, +2a3 =0
2a; +2a3 =0



~

o
G (G|lag|a|a|G|q a4
Q|G| a| G |&G|a|q|a| aq

T la, |G| G| X |a |4 |a | KT
a g |G| a|ag|a|a|a| %
G |G | G| G| &Gl |aq|a|%h

L)

Figure: Cells generated with as

2a; +2a> =0
2a, +2a3 =0
2a; +2a3 =0

3as+ay+a3=0
3az3+at+a =0
3ait+a+a3=0



~

o
G (G|lag|a|a|G|q a4
aq |G| a| |G |a|a|a| &

T la, |G| G| X |a |4 |a | KT
a g |G| a|ag|a|a|a| %
aq |G |G| a|ag|la|a|a|dh

L)

Figure: Cells generated with as

2a; +2a> =0
2a, +2a3 =0
2a; +2a3 =0

3as+ay+a3=0
3az3+at+a =0
3ait+a+a3=0

> < ay,a,a3|2a1 =2a=2a3=a1+a+a;=0>



~

o
G (G|lag|a|a|G|q a4
aq |G| a| |G |a|a|a| &

T la, |G| G| X |a |4 |a | KT
a g |G| a|ag|a|a|a| %
aq |G |G| a|ag|la|a|a|dh

L)

Figure: Cells generated with as

2a; +2a> =0
2a, +2a3 =0
2a; +2a3 =0

3as+ay+a3=0
3az3+at+a =0
3ait+a+a3=0

> < ay,a,a3|2a1 =2a=2a3=a1+a+a;=0>

15a; +14a, + 15a3 = a1 + a3






Figure: Coloring the chessboard



Conclusion

» The same idea can be used for studying tilings on surfaces of
genus g. Which are subdivided in more general cells grids.
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