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e Let D c R? be an aperiodic Delone set and (Xp, R?, 1) be
its associated dynamical system with p an ergodic
measure. In that follows, we denote Xp, the canonical
transversal and the groupoid associated by

Gri = ((x, 1) € Xp, X R?/x — t € Xp,}.

» When D is repetitive, Xp, is a Cantor set and (Xp, R?, u) is
minimal.

e a € R%is an eigenvalue for (Xp, RY, u) if exists f € L2(Xp, )
such that for u-almost every x € Xp and all t € R? is verifies

flx— 1) = 2D £().

If fis continuous, then we say that a is a continuous
eigenvalue.
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Motivation.

e The set D is called Meyer when D — D is also a Delone set.
¢ In 2014 J.Kellendonk and L.Sadun proved the following
result.
Theorem

InIR?, a repetitive Delone set of finite local complexity has d
linearly independent continuous eigenvalues if and only if it is
topologically conjugate to a Meyer set.

e In particular, each repetitive Meyer set has d linearly
independent continuous eigenvalues.

e We are interested in to find some condition to ensure that
all eigenvalues are continuous. Before that, we give a
dynamical proof of the fact that a Meyer set has d linearly
independent continuous eigenvalues.
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If D is repetitive and 0 € D, then the abelian group [D] is
finitely generated.

When the number of generators is s > d we say that the
rank of D is s and we write rank(D) = s.

Fix a basis {v1,...,vs) ¢ R? of [D], i.e. [D] = Z][v, ..., vs].
The address map of D is ¢p : [D] — Z° defined for

S

t:Zn,-v,- by ¢p(t) = (n1,...,1s).

i=1

If in addition, D is Meyer then there exists a linear map
Lp : R - R° and a constant &p > 0 that verifies for all
t € [D],

llpp(t) — Lp®)lls < Ep-
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e If D is repetitive then for all x € Xp, we have [x] = [D].
e lts possible to define the maps @, L : Gr« — R° by

D(x,t) = Px(t) and L(x,t) = Ly(t).

e The map L is independent in his first coordinate, i.e. for all
(x, 1), (y,t) € Gre We have

Le(t) = Ly (8).

e The map @ - L : Gr« — R® is a continuous cocycle.
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o If we call A € M,,;(R) the matrix, in canonical basis,
associated to the linear transformation L, then we have the
following result.

Theorem (A)

Let D c R? be a repetitive Meyer set with rank(D) = s. The
dynamical system (Xp,R%) has s > d continuous eigenvalues
given by the rows of A.

e Sketch of proof: For all x € Xp, consider the fiber
Griy =t €RY: (x,1) € GRal.

For all x € Xp,, the set (© — L)(Gr«,) is relatively compact.
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Using an extension of the Gottschalk-Hedlund’s theorem
for groupoids given by J.Renault , exists a continuous
function F : Xp, — IR® such that

O(x,t) — L(x,t) = For(x,t) — Fod(x,t).

taking exponential in each coordinate, on both sides of the
last equality and considering that ®(x, t) = ¢.(t) € Z°,

exp(2mi Fi(x — t)) = exp(—=2mi (A; ., t)) exp(2mi F;(x)),

where F; is the projection in the i-coordinate for F.

So, we can extend the map f(x) = exp(2mi Fi(x)) to whole
the hull for obtain an eigenfunction for the eigenvalue —A; ..
We conclude that for all i € {1, ..., s}, the vector —A;. is a
continuous eigenvalue for (Xp, R%).
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satisfying some technical conditions. Following some ideas
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Proposition

Let F be a linearly recurrent, strongly primitive, recognizable
fusion rule with FLC. Consider p being the unique ergodic
measure for (X#,R). If a € R is an eigenvalue of (X#, R, 1),
then

2ria-hy(k) 1|2 —0.

lim max Ie
n—00 1<k<J,
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e For every linearly repetitive Meyer set we can associate a
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Theorem (B)
Consider D C R a linearly repetitive Meyer set such that the

associated fusion rule is recognizable. Suppose that for all

m > 1 the heights h,,(1), ..., h,(J) are rationally independent.
Then (Xp, R) has only continuous eigenvalues.

o Sketch of proof: Using the previous proposition if a is an
eigenvalue, then exist 1z € IN and a family of integers
(wj)lsjgm such that

Jin
a = Z ZU]‘ IJO(CF,,-I(]'))-
j=1

Where Cr,(; is the set of all tilings in Xp, such that the
origin is positioned at the control point of the n-tile F,(j).



 Consider a sequence {A,},en C Xp, defined by A, := Cr, 1
clearly
--CA,C---CAy CA;.



 Consider a sequence {A,},en C Xp, defined by A, := Cr, 1
clearly
-+ CA,C---CAy CA;.

e Since D is a repetitive and Meyer set, the sets
D, ={teR/D -t e A,} are also repetitive and Meyer sets
and verifies

--cD,c---cDy,cDyCD.



 Consider a sequence {A,},en C Xp, defined by A, := Cr, 1
clearly
-+ CA,C---CAy CA;.

e Since D is a repetitive and Meyer set, the sets
D, ={teR/D -t e A,} are also repetitive and Meyer sets
and verifies

---cD,c---cDycD;cD.

e So, for all n > 71 and every 1 < j < |, exist
ty,j, ta,j € D, c D; with t1,j >t such that 1,(j) = t1,j —to,
and therefore

¢Drh—t2,j(hn(j)) = [Pj,-(n/ m)]t



Consider a sequence {A,},en C Xp, defined by A, := Cr, 1)
clearly
--CA,C---CAy CA;.

Since D is a repetitive and Meyer set, the sets
D, ={teR/D -t e A,} are also repetitive and Meyer sets
and verifies

--cD,c---cDy,cDyCD.

So, for all n > 7 and every 1 < j < J,, exist
ty,j, ta,j € D, c D; with t1,j >t such that 1,(j) = t1,j —to,
and therefore
¢Drh_t2,j(hn(j)) = [Pj,-(n/ m)]t
For this reason, for all n > 77 and every 1 < j < J,, we have

Dmo
= hn (]

()[P (n,mp)]" = Lp,, (1 )H
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e If we denote () = : , Where py is the
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transversal measure, we have
[P;.(n, )] [P;.(n, )]
Lp, (V)—-u(@ls < ||——=— — Lp, V|| +||——5— — u(m
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e Taking n — oo, we have Lp, (1) = u(ri1) and by the theorem
(A), we conclude that for all 1 <i < J;, @’ = po(Cr,)) is @
continuous eigenvalue of (Xp,,, R).

e Since (Xp,,, R) is a factor of (Xp, R) we conclude the result.
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Examples 1.

e Asequence s = (s)icz € {0,...,m}? is almost linear if
there exist a finite collection of real number {y,}"" , and
some constant C such that the partial sums

Yico L) ifi>1,
Si(a):=1 0 ifi=0,
YitiLia(se) ifi< -1

satisfy for all i € Z, maxo<a<m|Si(a) — i sign(i) y.| < C.

Theorem (Lagarias, 1999.)

Ifs = (s))iez € {0,...,m}% is an almost linear sequence, then for
all finite collection of rationally independent positive numbers
ag, ...,y the Delone set Dy, a,(s) is Meyer.
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¢ As a consequence of theorem (B), we have.
Theorem

Lets = (s))iez € {0,...,m}? be a symbol sequence that is almost
linear and such that (Xp, ., R) is linearly recurrent.
Suppose that the associated fusion rule is recognizable and for
alln > 1 the heights hy(n), ..., he(n) are rationally
independent, then the transversal system (Xp, ... R) has
only continuous eigenvalues.

o Also, using theorem (A), we can observe that for all
1 < k < m the real numbers
my; —1 my

= and B; = ,
my1(ao — a1) — g P myx(a — ao) + g

R).

Bo

are continuous eigenvalue of (Xp

QQ - (s)
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Example 2.

Define the substitutions 04,03 : {1,2} — {1,2}* by

[ oa(1) = 2211111 [ op(1) =211
oA { oA(2) = 22211 R

Consider the sequence (v,)zen C R inductively by v1 =1

and
S Bav, it nv, <1
T Bgo, if no, > 1.

Define a fusion rule with tiles of level n defined by the
substitutions o1 = I and 0,41 = 0, © Op(n), Where

| A ;if no, <1
M(””)‘{B Sif no, > 1.

This fusion rules allows us construct a sequence 1 € {1,2}#
that is not almost linear.
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Associating lenghts to tile the real line we obtain

o If the vector of initial lenghts are H(1) = ( ; ) the

dynamical system (X, R) has only to 0 as a continuous
eigenvalue and the set of eigenvalues is given by

. 1 -1
E:{eZ”’C’eC; a:(i,(PT)-A_lw, >0, weZz}.

e If the vector of initial lenghts are H(1) = ( ; , the

dynamical system (X, R) has eigenvalues given by

) 20-1 3 -
E :Zu{ez’w‘ eC; a= (qu,T(P)-A_lw, [>0, weZZ}.

Where the only continuous eigenvalues are a € Z.
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